Introduction
The purpose of this paper is to investigate the structure of the derived categories of toric varieties. We shall prove the following: Theorem 1.1. Let X be a projective toric variety with at most quotient singularities, let B be an invariant Q-divisor whose coefficients belong to the set { r−1 r
; r ∈ Z >0 }, and let X be the smooth Deligne-Mumford stack associated to the pair (X, B). Then the bounded derived category of coherent sheaves D b (Coh(X )) is generated by an exceptional collection of sheaves as a triangulated category.
An object of a triangulated category a ∈ T is called exceptional if Hom
p (e, e) ∼ = C for p = 0 0 for p = 0.
A sequence of exceptional objects {e 1 , . . . , e m } is said to be an exceptional collection if Hom p (e i , e j ) = 0 for all p and i > j.
It is said to be strong if in addition that Hom p (e i , e j ) = 0 for p = 0 and all i, j. It is called complete if T coincides with the smallest triangulated subcategory containing all the e i (cf. [2] ).
It is usually hard to determine the explicit structure of a derived category of a variety. But it is known that some special varieties such as projective spaces or Grassmanian varieties have strong exceptional collections consisting of vector bundles ( [1] , [8] , [9] , [10] ). Such sheaves are useful for further investigation of the derived categories ( [18] , [7] , [14] and [6] for example).
We use the minimal model program for toric varieties as developed in [17] (and corrected in [15] ) in order to prove the theorem. A special feature for this approach is that, even if we start with the smooth and non-boundary case B = 0, we are forced to deal with not only singularities but also the case B = 0 because Mori fiber spaces have multiple fibers in general. Thus we are inevitably lead to consider the general situation concerning DeligneMumford stacks even if we only need results for smooth varieties. But the stacky sheaves need careful treatment because there exist non-trivial stabilizer groups on the stacks (cf. Remark 5.1),
We start with the Beilinson theorem for the case of projective spaces, and build up exceptional collections following the procedure of the minimal model program. We use a covering trick to proceed from projective spaces to log Fano varieties ( §3). Then we proceed by induction on the dimension. First consider a Mori fiber space in §4 where the base space is assumed to have already an exceptional collection by the induction hypothesis. Though a Mori fiber space has singular fibers, the associated morphism of stacks is proved to be smooth (Corollary 4.2), and we can define an exceptional collection on the total space. The behavior of derived catogories under the birational transformations such as a divisorial contraction or a flip was studied in [12] . We use this result together with results of §4 in §5 and §6. Indeed, the exceptional locus of a divisorial contraction or a flip has a structure of a Mori fiber space itself. The argument of the proof is a generalization of that in [16] which considered the derived categories for projective space bundles and blowings-up with smooth centers of smooth varieties.
Toric minimal model program
Let X be a projective toric variety of dimension n which is quasi-smooth, i.e., has only quotient singularities. We note that a toric variety is quasi-smooth if and only if it is Q-factorial. We consider a Q-divisor B on X whose prime components are invariant divisors with coefficients being contained in the set { r−1 r
; r ∈ Z >0 }. Let X be the smooth Deligne-Mumford stack associated to the pair (X, B) with the natural morphism π X : X → X as in [12] .
The pair (X, B) has only log terminal singularities. We work on the log minimal model program for (X, B). We refer the reader to [17] or [15] .
Let φ : X → Y be a primitive contraction morphism corresponding to an extremal ray with respect to K X +B. Then Y is also a projective toric variety and φ is a toric morphism. If φ is a birational morphism, then the boundary divisor C on Y is defined to be the strict transform of B. Otherwise, it will be defined later.
Let N X be the lattice of 1-parameter subgroups of the torus acting on X, and ∆ X the fan in N X,R corresponding to X. Let w = v 3 , . . . , v n+1 be a wall in ∆ X corresponding to an extremal rational curve, where the v i are primitive vectors in N X on the edges of w. Let v 1 and v 2 be two primitive vectors in N X each of which forms an n-dimensional cone in ∆ X when combined with w. Let D i be the prime divisors on X corresponding to the v i , and D i the corresponding prime divisors on X . Let
be the coefficients of the D i in B. Then the natural morphism π X : X → X ramifies along
The contraction morphism is described by an equation
where the a i are integers such that
Note that we use slightly different notation from the literatures. Since K X +B is negative for φ, we have
The following lemma asserts that the set of integers {a i } is well prepared:
Then the set of n + α − β integers a i for 1 ≤ i ≤ α and β + 1 ≤ i ≤ n + 1 except one i = i 0 is coprime for any i 0 .
Proof. Let c be the largest common divisor of these integers, and set a i = cā i . Then we have (a i 0 , c) = 1. Let x, y be integers such that a i 0 x + cy = 1. Then 1
One of the following cases occurs.
(1) Mori fiber space: β = n + 1. We have dim Y = n + 1 − α.
(2) divisorial contraction: β = n. (3) flipping contraction: β < n. We treat these cases separately in the following sections. According to the minimal model program, Theorem 1.1 follows from the combination of Corollaries 4.4, 5.3 and 6.2.
Fano case
We start with the case where (X, B) is a log Q-Fano variety with ρ = 1. We have α = β = n + 1. In this case, there are no edges in ∆ X besides R ≥0 v i . Such a variety X is not necessarily a weighted projective space as remarked in [15] . But it is covered by a weighted projective space by a finite morphism which is etale in codimension 1. Indeed, a weighted projective space is characterized by the property that the divisor class group has no torsion (cf. Lemma 3.1).
Let N X ′ be the sublattice of N X generated by the v i . By the equation 2.1, the toric variety X ′ corresponding to the fan ∆ X in N X ′ ,R , with the lattice N X ′ , is isomorphic to the weighte projective space P(a 1 , . . . , a n+1 ). The natural morphismσ 1 : X ′ → X is etale in codimension 1. Let D ′ i be the prime divisor on X ′ corresponding to v i , X ′ the smooth stack associated to the pair (X ′ , i
. Let r be a positive integer such that a i r is divisible by r i for any i, and let NX be the sublattice of N X generated by the vectorsṽ i = a i rv i . We have n+1 i=1ṽ i = 0, and the toric varietyX corresponding to the fan ∆ X in NX ,R , with the lattice NX, is isomorphic to the projective space P n . Let σ 2 :X → X ′ be the natural morphism, and set σ = σ 1 • σ 2 ,σ 2 = π X ′ • σ 2 andσ = π X • σ. LetD i be the prime divisors onX corresponding to the vectorsṽ i . Moreover, let N X ′′ be the sublattice of N X generated by the r i v i . We note that the vectors r i v i are not necessarily primitive in this lattice. (2) The group of torsion divisor classes on X is dual to the quotient group N X /N X ′′ .
(3) The group of torsion Weil divisor classes on X is dual to the quotient group N X /N X ′ . 
(3) is a particular case of (2).
Remark 3.2. If B = 0, i.e., r i = 1 for all i, then the divisor class groups of X and X are isomorphic.
Example 3.3. Torsion divisor classes correspond to etale coverings of the stack. For example, let X = P n be the projective space, and X the smooth stack associated to the pair (X,
where the H i are coordinate hyperplanes. Let H i be the prime divisors on X above the H i so that π * X H i = rH i for the projection π X : X → X. LetX = P n be another projective space, and let σ :X → X be the Kummer covering with Galois group (Z/r) n obtained by taking the r-the roots of the coordinates. Then σ is etale, and we have
We note that the direct summands are invertible sheaves on X corresponding to the torsion divisor classes. In the usual language, if we denoteσ = π X • σ :
More generally, we have
For example, the direct images of the sheaves OX(−p) for 0 ≤ p ≤ n, which generates the derived category D b (Coh(X)), have the direct summands of the form O X (−q) for 0 ≤ q ≤ n (cf. [11] ).
Then there is the following decomposition into eigenspaces with respect to the G 1 -action
where the sequences of integers k = (k i ) in the summation are given by the equation
(2) Let G 2 = N X ′ /NX be the Galois group of the coveringσ 2 :X → X ′ . Then there is the following decomposition into eigenspaces with respect to the G 2 -action
where the sequences of integers l = (l i ) in the summation run under the conditions that 0 ≤ l i < a i r and r|
(3) Let G = N X /NX the Galois group of the coveringσ :X → X. Then there is the following decomposition into eigenspaces with respect to the Gaction
where the sequences of integers k = (k i ) satisfy the equation
Proof. (1) is clear. (2) We have an exact sequence
where 1 in the first term is sent to (a i ) in the second term. Thus
Z/a i r;
, we obtain the formula. We note that O X ′ (1) is well-defined because X ′ has no torsion divisor classes.
(3) By combining (1) and (2), we obtain
where the k = (k i ) satisfy the equation
and the summation on l = (l i ) is under the restriction that 0 ≤ l i < a i r and r| i l i . If we replace a i rk i + l i by k i , then we obtain our assertion.
Proof. The canonical divisor of X is given by
Therefore, the assertions (1) through (4) follow immediately from the vanishing theorem.
(5) follows from a similar generalization of the Beilinson resolution theorem as in [11] §5. Indeed, the integral functor corresponding to an object e on X × X given by
is isomorphic to the identity functor, where the group G acts diagonally on the tensor products. Thus the derived category D b (Coh(X )) is generated by the direct summands of the sheaves σ * OX(−p) for 0 ≤ p ≤ n given in Lemma 3.4 (3).
Since
Then we calculate
where we put a i r = r i s i for some integers s i .
Corollary 3.6. Let (X, B) be a Q-factorial projective toric variety such that −(K X + B) is ample, ρ(X) = 1 and that the coefficients of B to the set { r−1 r
; r ∈ Z >0 }. Let X be the smooth Deligne-Mumford stack associated to the pair (X, B). Then the derived category D b (Coh(X )) has a strong complete exceptional collection consisting of invertible sheaves.
Proof. The number of isomorphism classes of the set of invertible sheaves
is finite.
Mori fiber space
We consider a toric Mori fiber space φ : X → Y with respect to K X + B. This fibration is not necessarily locally trivial because there may be multiple fibers. But it becomes locally trivial after taking the coverings: (1) τ X 0 is etale in codimension 1. We define the boundary Q-divisor C on Y by assigning coefficients
to the irreducible components E i , where the s i are defined in the proof of the above lemma. We note that, even if we start with the non-boundary case B = 0, the naturally defined boundary divisor C on Y is non-zero in general, because there may be multiple fibers for φ. Let Y be the smooth stack associated to the pair (Y, C). The above lemma implies the following: 
generates the triangulated category D b (Coh(X )).
Proof.
(1) By [4] or [5] , it is sufficient to prove the following statement; if A and B are skyscraper sheaves on Y of length 1, then the natural homomorphism Hom p (A, B) → Hom p (ψ * A, ψ * B) is bijective. This follows from the fact that X ′ 0 is isomorphic to the product of Y ′′ 0 with a weighted projective space P(a 1 , . . . , a α ), and that the natural homomrophism of Galois groups
For (2) and (3), we use the spectral sequence
for invertible sheaves A, B on Y. The direct image sheaves vanish for our cases, because the relative canonical divisor for ψ is given by
In general, a full subcategory B of a triangulated category A is said to be right (resp. left) admissible if A is generated by B and B ⊥ (resp. B and ⊥ B), where B ⊥ (resp. ⊥ B) denotes the right (resp. left) orthogonal complement of B in A. The subcategory T of D b (Coh(X )) generated by the subcategories D b (Coh(Y)) k is admissible by [3] 1.12, 2.6 and 2.11. Therefore, it is sufficient to prove that the left orthogonal ⊥ T consists of 0 objects. Let A be an arbitrary skyscraper sheaf of length 1 on X supported at a point P . Then by Theorem 3.6, there exists a skyscraper sheaf B of length 1 on Y supported at Q = φ(P ) such that A is contained in the subcategory generated by the sheaves of the form ψ
. Thus A contained in T , hence ⊥ T = 0. 
Divisorial contraction
We consider a toric divisorial contraction φ : X → Y . K X + B is negative for φ, and C = φ * B is the strict transform. Let D be the exceptional divisor of the contraction. Then the restrictionφ : D → F = φ(D) is a Mori fiber space which was treated in the previous section. Let Y be the stack associated to the pair (Y, C). We note that there is no morphism of stacks from X to Y in general. But there is still a fully faithful functor Φ : 
where we put b n+1 = −a n+1 > 0. Let r be a positive integer such that a i r is divisible by r i for 1 ≤ i ≤ n+1. We set |a i | · r = r i s i .
Let s = (s 1 , . . . , s n+1 ) be the greatest common divisor, and set s i = ss i . Then the fractional part of the rational number
can take arbitrary value in the set {0,
} when we vary the sequence k, because (s 1 , . . . ,s n+1 ) = 1.
The Mori fiber spaceφ : D → F is described as follows. The lattice of 1-parameter subgroup for D is given byN = N X /Zv n+1 . We write v i mod Zv n+1 = t ivi for 1 ≤ i ≤ n, where the t i are positive integers and thev i are primitive vectors inN. Let t = (a 1 t 1 , . . . , a n t n ) be the greatest common divisor, and denote a i t i = tā i . Then we have an equation
We define a Q-divisorB on D by putting coefficients
We also define a Q-divisorC on the base space of the Mori fiber space F usingB as in the previous section. Let D and F be the smooth stacks associated to the pairs (D,B) and (F,C), respectively. Then there are induced morphisms of stacksψ : D → F and j : D → X . LetD i be the prime divisors on D corresponding to theD i for 1 ≤ i ≤ n. Then we have
We note that D i | D = 1 t iD i in the usual language. 
for any sheaf A on D in this case. For example, let X be an affine line with a point P , and X the stack associated to the pair (X, r−1 r P ) with a point P above P . Then we have j * O X (kP) = 0 if k is not divisible by r, where j : P → X is the natural morphism. From a resolution
it follows that L q j * O P (kP) is isomorphic to O P if q = 0 and k ≡ 0 mod r, or q = 1 and k ≡ 1 mod r, and 0 if otherwise. Thus
is non zero if and only if q = 0 and k ≡ 0 mod r, or q = 1 and k ≡ 1 mod r.
(1) It is sufficient to prove that the natural homomorphism
is bijective for all q and all locally free sheaves L and L ′ on F , because these sheaves span the category D b (Coh(F )). We have an exact sequence
) is an invertible sheaf on D if r n+1 = 1, and zero otherwise.
If r n+1 > 1, then
as required. If r n+1 = 1, then we know that j
by the relative vanishing theorem forψ. Therefore, we have also our assertion in this case.
(2) It is sufficient to prove
for all integers q, all sheaves A on F , and for the sequences (k) and (k ′ ) under the conditions that
By the first condition, we have
By the relative vanishing theorem forψ, we have
, we have
by the relative vanishing theorem forψ. Thus
for all q and all locally free sheaves L and L ′ on F . (4) is similar to (3) . (5) We shall prove that the left orthogonal ⊥ T to the subcategory T of D b (Coh(X )) generated by these subcategories consists of 0 objects as in the proof of Theorem 4.3.
Let A be an arbitrary skyscraper sheaf of length 1 on X supported at a point P . If P ∈ D n+1 , then A ∈ T . Otherwise, there is a pointP on D such that P = j(P ). Then by Theorem 3.6, there exists a skyscraper sheaf B of length 1 on F supported atQ =ψ(P ) such that A is contained in the subcategory generated by the sheaves of the form j * ψ
. Therefore, A contained in T , hence ⊥ T = 0. 
Log flip
We consider a toric flipping contraction φ : X → Y with the log flip φ + : X + → Y . K X + B is negative for φ, and K X + + B + is ample for φ + , where B + = (φ + * ) −1 φ * B is the strict transform. The argument for log flips in this section is surprizingly similar to that for the divisorial contractions in the previous section. 
where we put 1 t 1 , . . . , a β t β ) be the greatest common divisor and a i t i = tā i . Then we have an equationā 1v1 + · · · +ā βvβ = 0. We define a Q-divisorB on D by putting coefficients
We also define a Q-divisorC on the base space of the Mori fiber space F usingB as before. Let D and F be the smooth stacks associated to the pairs (D,B) and (F,C), respectively. Then there are induced morphisms of stacksψ : D → F and j : D → X . LetD i be the prime divisors on D corresponding to theD i for 1 ≤ i ≤ β. Then we have
We note that
(1) We shall prove that the natural homomorphism
is bijective for all q and all locally free sheaves L and L ′ on F .
We have an exact sequence
The sheaf j * O X (− i∈I D i ) for any subset I ⊂ {β + 1, . . . , n + 1} is either invertible or zero, and is negative forψ if it is not a zero sheaf.
we calculate
for p > 0 and for any q by the relative vanishing theorem forψ, because n+1 i=1 a i r i > 0. Hence
for any q as required.
It follows that
(3) is similarly proved as in (1) . Since 0 > n+1 i=1
for any subset I ⊂ {β + 1, . . . , n + 1} by the relative vanishing theorem for ψ. Thus
for all q and all locally free sheaves L and L ′ on F . (4) is similar to (3) . (5) We shall prove that the left orthogonal ⊥ T to the subcategory T of D b (Coh(X )) generated by these subcategories consists of 0 objects. Let A be an arbitrary skyscraper sheaf of length 1 on X supported at a point P . If P is not above a point in D, then A ∈ T . Otherwise, there is a pointP on D such that P = j(P ). Then by Theorem 3.6, there exists a skyscraper sheaf B of length 1 on F supported atQ =ψ(P ) such that A is contained in the subcategory generated by the sheaves of the form j * ψ
Therefore, A contained in T , hence ⊥ T = 0.
Corollary 6.2. Assume that D b (Coh(X + )) has a complete exceptional collection consisting of sheaves. Then so has D b (Coh(X )).
